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Abstract
In this project, four unsupervised feature reduction algo-
rithms for clustering problem were investigated and ex-
perimented upon two sets of data – handwritten digits
data set and the functional magnetic resonance imaging
(fMRI) resting state data set. Ratio of sum of squares
(RSS), leverage score (LEV), and Laplacian score (LAP)
were used to rank the influences of the features in the
clustering. Similarity based method were implemented
to find largest groups of features that dominate the clus-
tering result. Clustering results were evaluated and com-
pared using both accuracy score and average fisher score.

1 Introduction

An important problem related to machine learning and
large dataset mining is selecting a subset effective fea-
tures from the original data. The goal of feature reduc-
tion is to use less number of features while achieving
high clustering accuracy or similar clustering results as
using all features. Preprocessing the data to obtain a
smaller set of representative features, retaining the opti-
mal salient characterstics of the data, not only decreases
the processing time but also leads to more compactness
of the models learned and better generalization[6]. Fea-
ture reduction also helps in improving the prediction per-
formance of the predictors, providing faster and more
cost-effective pre-dictors, and providing a better under-
standing of the underlying process that generated the
data. [4]. When class labels of the data are available, su-
pervised feature selection becomes possible and has been
studied widely. However, selecting features in unsuper-
vised learning scenario is a much more difficult. It often
becomes a NP-hard problem[5].

In this project, we investigated four feature reduction
method: (1) ratio of sum of squares (RSS), (2) leverage
score (LEV), (3) Laplacian score (LAP) and (4)feature
similarity-based method, and experimented with three

clustering methods: (a) K-means, (b) EM with mixture
of Gaussians, and (c) spectral algorithm on two different
datasets.

1.1 Notation

In the report, we represent the n samples data with d-
dimensional features as matrix

X =


− xT

1 −
− xT

2 −
...

− xT
n −

= [ f1, f2, ..., fd ] ∈ Rn×d , (1)

where xi ∈ Rd denotes the ith data point, and f j ∈ Rn

denote the jth feature vector. The ith data point belongs
to the kth cluster Ck, if i ∈Ck.

2 Clustering Methods

Numerous clustering methods have been proposed, and
different methods have different pros and cons. In the
project, we focused on three almost most commonly used
clustering method: k-means, expectation maximization
with mixture of Gaussian (EM) [1], and spectral algo-
rithm [7, 10]. Different algorithms make different as-
sumption of the data have different clustering results. In
the same reason, the feature reduction algorithms may
also have different effects on the clustering resulting
when the clustering algorithms are not same.

2.1 K-means clustering

Given an unlabeled data set, K-Means is the first cluster-
ing method we have chosen. K-means is a popular clus-
tering method because of its simplicity and easiness to
implement. In our project, we first tried K-Means with
different number of clusters(i.e. k). We used standard
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cost function:

J(c,µ) =
n

∑
i=1
‖x(i∈Ck)

i −µ
k‖2 (2)

Because K-means algorithm may fall into a local opti-
mal, we repeated K-means for 100 times with random
initialization, and select the clustering result with the
lowest cost function.

2.2 Expectation maximization with mix-
ture of gaussians

Assuming our dataset is a mixture of gaussians, we fur-
ther used expectation maximization(EM) algorithm to
cluster our dataset. EM is another important clustering
method in machine learning, which involves iteration in
two steps: expectation(E) step and maximization of ex-
pected log-likelihood(M) step. We assumed the hidden
variable zi , which follows a multinomial distribution, in-
dicate which of the k Gaussians each xi had come from.
The log likelihood defined as following:

l(c,φ ,µ,Σ) =
n

∑
i=1

log p(x(i∈Ck)
i ; µ

k,Σk)+ logφ
k (3)

where is p(x(i∈Ck)
i ; µk,Σk) is the probability of a Gaus-

sian vector. Similar to the above K-Means method, we
repeated it 100 times with random initialization.

2.3 Spectral algorithm

Spectral algorithms [7, 13] uses information contained
in the eigenvectors of a data affinity (i.e., item-item sim-
ilarity) matrix to detect structure. Such an approach has
proven effective on many tasks, including information
retrieval, web search, image segmentation, word class
detection and data clustering. The construct a similarity
matrix S ∈ Rn×n, we used the Gaussian kernel to com-
pute the similarity Si j = exp(− ‖xi−x j‖2

2t2 ) between the ith
and jth data.

To cluster the frame in to k groups, the spectral algo-
rithm is following.

• Compute D = diag(S1),

• Compute the Laplacian L = I−D−1/2SD−1/2

• Compute the first k eigenvectors of L, u1, . . . ,uk

• Normalized the each row of [u1, . . . ,uk]

• Cluster using k-means

There are several interesting properties in the spectral al-
gorithm that may be useful to us. The Laplacian matrix L
can be used to compute score for each features resulting
a efficient feature selection; the eigenvalues L indicate
how many block like structure are inside the data.

3 Feature Reduction Methods

3.1 Ratio of sums of squares (RSS)
We assume the clustered data followed the model as

x(i∈Ck)
i = µ

k + εi (4)

where µk ∈ Rd denotes the mean of the kth cluster, and
the εi∼N(0,σ2Id) is the random effect of the data. Then
the sum-of-squares (SS) for the jth feature have the rela-
tion as

SS j,Total = SS j,Between +SS j,Within

=
K

∑
k=1
|Ck|(µ j−µ

k
j )

2 +
n

∑
i=1

(x(i∈Ck)
ji −µ

k
j )

2 (5)

Then ratio-of-sum-of-squares (RSS) is defined as

RSS j =
1

K−1 SS j,Between
1

n−K SS j,Within
. (6)

Large RSS means the feature has better correlation with
clustering results. Therefore, we could used the clus-
tering results from all the features to compute the RSS
scores, then select the features with the largest RSS val-
ues.

Note that, if we assume the µk
j is another random vari-

able with model N(0,σ2
j ), the the RSS value has an F-

statistic (FK−1,n−K) for testing H0 : σ2
j = 0.[11] The p-

value of F test for rejecting the H0 implies the signifi-
cance of the jth feature in the clustering process. The
RSS methods are applied the clustering results from the
three clustering algorithms discussed in the previous sec-
tion.

3.2 Leverage score (LEV)
Boutsidis et. al. presented a novel feature selection al-
gorithm for the k-means clustering problem. [2] Their
algorithm is randomized and uses the (normalized) lever-
age scores to assign probability to the features. The jth
leverage score equals the square of the Euclidian norm
of the jth row of Ṽ.

ϕ j = ‖(Vj1,Vj2, ...,Vjk)‖2/K, (7)

where Ṽ = [v1,v2, ...,vK ] is the matrix that contains the
first K right singular vectors of X . The jth leverage
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score characterizes the importance of the jth feature with
respect to the k-means objective. In the original pa-
per, these scores form a probability distribution over the
columns of X. [2] In this project, we simplified it by
selecting the features with the largest the LEV scores.

3.3 Laplacian score (LAP)
Laplacian Score (LAP) is fundamentally based on Lapla-
cian eigenmaps and locality preserving projection. The
basic idea of LAP is to evaluate the features according to
their locality preserving power. [5, 10, 13] The Laplacian
Score of the jthe feature is defined as: [5]

ψ j =
f̃ j

T D f̃ j

f̃ j
T L f̃ j

, (8)

where the vector f̃ j is

f̃ j = f j−
f T

j D1
1T D1

, (9)

and L and D are defined in the spectral algorithm. For a
good feature is to feature, the Laplacian Score ψ j tends
to be big. Therefore, we simply selected the features with
the smallest ψ j values.

3.4 Feature similarity (FS)
Several unsupervised feature selection algorithms based
on measuring similarity between features have been pro-
posed. [6, 8] Those algorithm aim to remove the re-
dundant features by clustering the features using some
similarity measurements. We used two common sim-
ilarity measurements: mutual information and correla-
tion coefficients to construct feature similarity matrices
AMI ∈ Rd×d and ACORR ∈ Rd×d .

AMI
i j = MI( fi‖ f j)

ACORR
i j =

cov( fi, f j)√
var( fi)var( f j)

.
(10)

We used the feature similarity matrices to find several
feature communities (groups) using a modified spectral
algorithm. [3] There are two way to select the fea-
tures based on the founded groups. The first one is to
used select the representative feature from each feature
group; the second one is select the feature groups with
the largest sizes. We chose the second method, because
we want to let the clustering result with reduced features
close to the results using all features. Thus, the feature
groups with the large size are likely to dominate the clus-
tering. The advantages and disadvantages between two
approaches need further studies which are beyond the
scope of this project.

4 Data Description

4.1 Handwritten Digit Data

In this data set, 1593 handwritten digits from around
80 persons were scanned, stretched in a rectangular box
16x16 in a gray scale of 256 values.Then each pixel
of each image was scaled into a bolean (1/0) value us-
ing a fixed threshold. Each person wrote on a pa-
per all the digits from 0 to 9, twice. The commit-
ment was to write the digit the first time in the nor-
mal way (trying to write each digit accurately) and
the second time in a fast way (with no accuracy).
(availabel at http://archive.ics.uci.edu/ml/datasets/ Se-
meion+Handwritten+Digit)

4.2 fMRI Data

In the last few years, many machine learning algorithms
have been studied to investigate the brain’s functional ac-
tivities and connectivities on the function magnetic res-
onance imaging (fMRI) data. [9] Recent studies showed
that the spatial patterns of the temporal blood oxygena-
tion level-dependent (BOLD) signals even without ex-
plicit stimulation correlations have strong resemblance
with many established brain networks, which are gener-
ally referred as resting-state network (RSN). The nonsta-
tionary correlational structure of RSN provides an oppor-
tunity to extract useful information about human brain.
However, there are little effort in investing the potential
network changes with the resting-state temporal variabil-
ity.

Liu and Duyn [12] recently reported a method using
point process analysis (PPA) to extracting the RSN pat-
terns from relatively brief (a few seconds long) periods
of coactivation or codeactivation of regions. They ex-
tracted a few fMRI time frames from the representative
participant at time points where fMRI signal in the pos-
terior cingulate cortex (PCC) was high. Notably, these
single fMRI frames already show coarse resemblance to
the DMN pattern. They also extend their method to se-
lect the frames based on the two signals: PCC and medial
prefrontal cortex (mPFC).

For this project we used fMRI data at resting state
from 34 subjects. The total amount of fMRI frames is
8160, each frame are further decompose into 90 features
signals. As suggested in Liu’s paper, we obtained 122
sample frames when the PCC signal is the 15% largest
among every subjects. Therefore, the data can be pre-
sented in a 90 by 1244 matrix, with each column repre-
senting a sample frame and each row representing a fea-
ture. To avoid the bias caused by different amplitude/unit
of different features, we first normalized each feature to
zero mean and one standard deviation. This may help us
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get each feature evenly-weighted, and the energy of each
feature could contribute evenly in our clustering process.

5 Results and Discussions

The evaluation of our clustering result is based on two
metrics: accuracy for labeled handwritten digit data, and
average fisher score for both two data sets. Accuracy is
the ratio of correct clustering to the total data points. The
averages fisher score is defined as

AFS =
1
d

d

∑
j=1

SS j,Between

SS j,Within
(11)

5.1 Handwritten Digit Data

Based on the above description, we first plot thefeature
scores of the handwritten digital data as a heat map (Fig-
ure 1). Different colors in the heat map represents the
significance of different feature in terms of the corre-
sponding feature score (i.e. blue: lowest significance;
red: highest significance). From the figure we can see,
different feature scores vary differently, but most of them
indicate the distinguishable difference between different
features (i.e. different colors). This figure intuitively
shows us the possibility to adopt meaningful feature re-
duction in our data set.

Variance

5 10 15

5

10

15

RSS−KMeans

5 10 15

5

10

15

RSS−EM

5 10 15

5

10

15

RSS−Spetral

5 10 15

5

10

15

LEV

5 10 15

5

10

15

LAP

5 10 15

5

10

15

FS−MI

5 10 15

5

10

15

FS−CORR

5 10 15

5

10

15

Figure 1: Feature scores for Handwritten digit data.

Then, we experimented with the three different clus-
tering methods by gradually reducing features, based on
the different feature scores (Figure 4). Reduction rate is
defined as the number of features removed to the num-
ber of total features. From the figure, we can see when
reduction rate is below 40%, the accuracy remains quite
stable around 0.6, which is reasonable for unsupervised
clustering methods. Similarly, we also use the average
fisher score to evaluate the accuracy, the result is similar.
Moreover, we notice that the FS-based methods remain
a more stable accuracy and average fisher score in K-
means and EM method, which may be a more preferable
combination in the real-world application.

5.2 fMRI Data
We chose k = 6 for clustering the fMRI data using the
three different algorithms as described above. The clus-
ters in all three algorithms have very obvious pattern
within each cluster. The clustering agreements between
three algorithm are about 60 % (Figure 2). The top
50% and top 75% significant features (brain region) in
10 slices are also shown in Figure 3.

Using similar analysis approach, we show the relation
between the feature reduction and average fisher score
of fMRI data in Figure 5. Again, the combination of
FS-based methods and K-means/EM algorithm achieves
a more reasonable average fisher score, demonstrating a
more preferable approach in real world application.
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(d) Spectral

Figure 2: Clustering results of the fMRI data.

6 Conclusion

In this project, we focused on a particular unsupervised
feature reduction problem, and have investigated four
unsupervised feature reduction algorithms: RSS, LEV,
LAP, and FS on three unsupervised learning methods:
K-means, EM, spectral algorithms. Experiment on the
labeled human handwritten digit data has proved the ef-
fectiveness of our feature reduction algorithms, and the
application on the fMRI data presents a promising appli-
cation in real world.
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Figure 4: Clustering accuracy and average Fisher score with feature reduction using handwriting digits data set.
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Figure 5: Average Fisher score with feature reduction using fMRI data set.
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Figure 3: Most significant brain regions using differenct
selection methods.
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