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Learning a Mixture of Gaussians
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Summary of GMM Components

* Observations jSE ]Rd, — 17 2,. ..,
Hidden cluster labels 2z; € {1,2,..., K}, i=1,2,...,
Hidden mixture means ur €RY k=1,2,...,
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Hidden mixture covariance
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But we don't see class labels!!!.

« MLE:
— argmax [[; P(z!,x})
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e But we don't know Z nt

* Maximize marginal likelihood:

—argmax [ ]; P(x) = argmax [ 2 P(z'=k,xI)
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If each x' belongs to one class C(i) (hard assignment), marginal
likelihood:
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EM: "Reducing” Unsupervised

Learning to Supervised Learn%ng
Lo 2

* |f we knew assignment of points toe
classes =» Supervised Learning!

« Expectation-Maximization (EM)

- Expectation: Guess assignment of ﬂ% e
points to classes

* In standard (“soft’) EM: each point
associated with prob. of being in each

class s [ 5 o h
- Max'rmfzétion:f%et@mpufermo\;él 15% %Z O\y(
parameters Obsesid Aodo
- lterate
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Imagine we have an assignment of each x' to a
Gaussian

Introduce latent cluster indicator

variable 7/
e A, - ks
(7 = f<> ~ T\

Then we have

p(z'] 2, 7, 1, %) = /\)@CEW@Z>
\/
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Complete data /abe/ed /2/( k B

by true cluster assignments
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Expectation: infer cluster assignments from
Q\pﬁ’gcydaﬂti’ons i f@@nj)ﬁ; )Elr{zg(l

' Posterior probabilities of

1t - assignments to each cluster
. *given®* model parameters: TT) ﬂﬁ?
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Soft assignments to clusters
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ML Estimate of Mixture Model Params

/%«E?

Log likelihood

Lo (0) £ logp({z'} | 6) ZlogZp 2=710)

Want ML estimate
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0= U1, p, 2)
Maximization: If “complete” data were observed...

Assume cIass labels z* were observed in addition to :U

St 10 < 2 o9 P ZEAER
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Compute ML estimates

[ Separates over clusters k!

K '\R h&lf ) ==
(Zp\ff)iqj ;K/a%@mS
Examplé: mixture of Gaussians (MoG) 0 = {Wk, I Ek}iil
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Maximization: if inferred cluster assignments from
observations,
& 5 Ser\a

e

1 1

Posterior probabilities of
assignments to each cluster

*given®* model parameters:
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V. Al ¥ ri = p(2" = klz*, m, 1, ¥)
0 " weighted  Coents | )

0 0.5 1 0 0.5 1 -
/ Complete data labeled Soft assignments to clusters M U

eohele WAZ |29 i cwegidadt = 2 15
USay S«‘mf\b ° ot frqc%‘m o £ ?o?qé P/ //\/
Gy = VEMay = g Do

;
11 ©2022 Carlos G_lcs;mma: CS229: Machine Learning

‘4/(/7.5

—



Expectation-Maximization Algorithm

Motivates a coordinate ascent-like algorithm:
1. Infer missing values z* given estimate of parameters 6
2. Optimize parameters to produce new () given “filled in” data 2"
3.

KAty

Repeat
Example: MoG

1. Infer “responsibilities”
rae = p(zt =k | 2, 0¢Y) &%07@ rinla
2. Optimize parameters

max w.r.t. 7 : MLE on i 7%1726&%/\57\

max w.r.t. fp, 2




E.M. Convergence _—{
lovel Sebs

CQL [oSS F?/v\cj";oh
o U labed dedr

* EMis coordinate ascent 7
on an interesting g
potential function . A | ’ : N i X @
e Coord. ascent for ] R VARY [
bounded pot. func. = i -
convergence to a local N
optimum guaranteed
]!
ML

* This algorithm is REALLY USED. And in high dimensional state spaces, too.
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After first iteration
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After 2nd iteration
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After 3rd iteration
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After 4th iteration
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After 5th iteration
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After 6th iteration
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After 20th iteration
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Some Bio Assay data



GMM clustering of the assay data
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Resulting
Density
Estimator
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