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Abstract

In this project, we apply reinforcement learning
techniques to control an inverted double pendulum
on a cart. We successfully learn a controller for
balancing in a simulation environment using Q-
learning with a linear function approximator, with-
out any prior knowledge of the system at hand. We
do however fail to learn a controller for the swing-
up maneuver, which leads to a discussion on what
might be needed to solve more complex control prob-
lems using reinforcement learning.

1 Introduction and related work

Control of dynamical systems normally requires detailed
knowledge of the system at hand, which can be both very
difficult and time consuming to obtain as the system com-
plexity increases. Applying learning algorithms that can
automatically learn at least near-optimal controllers with-
out prior knowledge of the system is thus an attractive
alternative approach in these situations.

Applying learning algorithms in control problems also
make sense in situations where it is difficult, if not impossi-
ble, to explicitly determine which set of actions will make
the system behave as desired, for example in the case of
trying to make a two-legged robot walk smoothly. In cases
like these one would like for the robot to explore different
approaches and gradually learn the optimal one.

Therefore, in this project we study how to apply reinforce-
ment learning techniques to a control problem. Specifi-
cally, we focus on the problem of controlling an inverted
double pendulum on a cart. The double pendulum is cho-
sen for this study as a proof of concept problem since it
is a complex (even chaotic) dynamic system, but which
also is well-studied and enables simple implementation of
a system simulator. This simulator then serves as a place-
holder for the actual physical system in the learning pro-
cess.

Previous work where conventional control methods are
used to successfully control double pendulums include [1]-
[3], and the goal of this project is to replicate some of this
work without utilizing any prior knowledge of the system

and instead only using reinforcement learning. Specifically,
the goal is to learn controllers for basic balancing as well
as for the more complex maneuver of swing-up, where the
pendulum is moved from a resting position hanging verti-
cally to an upright, balanced position. This has previously
been done in [4], where a swing-up controller was learned in
a low number of trails by learning a probabilistic dynamics
model and explicitly incorporating the model uncertainty
into planning. This method has however been shown to be
too computationally demanding for practical implementa-
tion in high-dimensional problems [5], and we will thus try
to solve the problem using a simpler approach.

Recent advancements in deep reinforcement learning are
also starting to be applied to control problems. In [6], the
DDPG algorithm is developed and solves several simulated
physics tasks. It has also been successfully applied to bal-
ance an inverted double pendulum in OpenAI Gym [7], but
it has yet to be applied to the swing-up problem.

1.1 The inverted double pendulum on a cart

The studied system consists of two joint pendulums con-
nected to a cart that is moving on a track, see figure 1
below. If one defines the state s ∈ R6 as

s =
[
θ0 θ1 θ2 θ̇0 θ̇1 θ̇2

]T
, (1)

then the dynamic equations for the system can be writ-
ten

ṡ = A(s)s + b(s)+ c(s)u, (2)

where A ∈ R6×6,b ∈ R6,c ∈ R6 and u ∈ R is the applied
force on the cart. See [8] for derivation and the complete
expressions.

2 Methods

In this section, we formulate the problem more precisely
in terms of an MDP, we briefly describe the simulation
environment and describe the implemented algorithms in
detail.
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Figure 1: An inverted double pendulum on a cart [8].

2.1 MDP formulation

The state of the MDP is simply the state s ∈ R6 of the
system as given by (1) above. Thus, the state space is con-
tinuous. The actions of the agent corresponds to choosing
what force u should be applied to the cart. Depending on
the specific algorithm, we will deal with both discrete (u
can only take on a finite set of values) and continuous (u
can take on any value in a certain interval) action spaces
A. The state transition probabilities are unknown to the
agent, but intrinsically given by (2) above.

To specify the rewards, we specify two different types of
costs and then set the reward to equal the negative total
cost. The first type of cost is associated with every failed
episode. For swing-up, we define an episode as failed once
the pendulum system moves out of bound, that is, once
|θ0| is greater than some threshold value. For balancing,
an episode is also defined as failed once the pendulum falls
over, that is, once |θ1| > π

2 . The second type of cost is
associated with each state and penalizes any position of
the pendulum system such that

θ =
[
θ0 θ1 θ2

]T
6=
[
0 n2π m2π

]T
,

where n,m ∈ Z. Finally, the discount factor was set to
γ = 0.99.

2.2 Simulation environment

The physical system is simulated using a modified version
of the CartPole-v0 environment in OpenAI Gym [7]. In
each time step, the agent gets to choose an action a = u
which is applied to the system in its current state st . The
system is then propagated to the next time step using the
dynamic equations in (2) above and numerical integration
using a Runge-Kutta method. The agent now receives an
observation of this new state st+1 of the system, as well
as the immediate reward rt+1 associated with taking the

chosen action a in the original state st . The current state
is also rendered in each time step, see figure 2 below.

Figure 2: The simulation environment.

2.3 Algorithms

In this section, which is based on the lectures from David
Silver’s course on reinforcement learning [9], we describe
two different types of algorithms. First, we describe linear
Q-learning which is a value based algorithm, meaning that
we learn a value function and then use an implicit policy
based off of this value function. In contrast, policy based
algorithms learn a policy directly and use no value function.
The second algorithm we describe, Gaussian QAC, learns
both a value function and an explicit policy. This type
of algorithm, which can be viewed as a combination of
a value based and a policy based algorithm, is called an
actor-critic.

2.3.1 Linear Q-learning

Since the state space is continuous, we can not implement a
regular Q-learning algorithm. Instead, we use linear func-
tion approximation. That is, we approximate the true
action-value function qπ by a linear combination of n state-
action features,

qπ(s,a)≈
n

∑
j=1

w jx j(s,a) = x(s,a)T w = q̂(s,a,w), (3)

where x(s,a) ∈ Rn is the feature vector. Given features x,
our goal is to choose the parameter w ∈ Rn such that the
mean-squared error between q̂ and qπ is minimized. Do-
ing so using stochastic gradient descent yields the update
rule

w← w + α(qπ(s,a)− q̂(s,a,w))x(s,a),
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where α ∈R is the step size. Since qπ(s,a) is unknown, we
replace it by the Q-learning target and obtain the actual
update rule for w:

4w = α(r′+ γ max
a′

q̂(s′,a′,w)− q̂(s,a,w))x(s,a), (4)

w← w +4w, (5)

where r′ is the immediate reward associated with taking
action a in state s, and s′ is the successor state. Note that
the action space A in this case is discrete, thus turning the
maxa′ operation in (4) into a simple comparison.

If we in each time step improve the policy by acting ε-
greedily with respect to q̂, meaning that we choose a =
argmaxa′ q̂(s,a′,w) with probability 1− ε and a random
action in A with probability ε, and apply the above up-
date rule, we obtain the linear Q-learning algorithm de-
scribed in algorithm 1 below. Since this is an off-policy
Temporal-Difference algorithm, convergence is not guar-
anteed [9].

initialize parameters w0;
repeat

start new episode;
initialize state s0;
t = 0;
repeat

choose action at from st by ε-greedy policy
w.r.t to q̂(st ,a′,wt);

take action at ;
observe rt+1 and st+1;
a = argmaxa′ q̂(st+1,a′,wt);
δ = rt+1 + γ q̂(st+1,a,wt)− q̂(st ,at ,wt);
wt+1 = wt + αδx(st ,at);
t← t + 1;

until failed episode or maximum number of time
steps reached ;

until convergence;
Algorithm 1: Linear Q-learning.

2.3.2 Gaussian QAC

In policy based reinforcement learning, we parametrize the
policy πv(s,a) = p(a|s;v) and try to find the parameters
v ∈ Rm that maximize the policy objective function J(v).
Doing so using stochastic gradient ascent, and the policy
gradient theorem, yields the update rule

v← v + α∇v(logπv(s,a))qπv(s,a),

where α ∈R is the step size. Since qπv(s,a) is unknown, we
replace it by an estimated action-value function q̂(s,a,w)≈
qπv(s,a) and obtain the actual update rule for v:

v← v + α∇v(logπv(s,a))q̂(s,a,w). (6)

We thus have two set of parameters: v, which is updated
by the actor according to (6), and w, which is updated
by the critic. In Gaussian QAC, we use a linear function
approximator for the action-value function, meaning that
q̂(s,a,w) thus is given by (3) above.

We also choose a Gaussian policy, meaning that a|s;v ∼
N (µ(s),σ2) where the mean is a linear combination of m
state features,

µ(s) =
m

∑
j=1

v jφ j(s) = φ(s)T v. (7)

This choice yields a particularly simple expression for the
score function ∇v(logπv(s,a)),

∇v(logπv(s,a)) =
(a−µ(s))φ(s)

σ2 . (8)

Since the action space A now is continuous, thus making
it more involved to find maxa′ q̂(s′,a′,w), we modify the
update rule in (4)-(5) slightly,

w← w + β (r′+ γ q̂(s′,a′,w)− q̂(s,a,w))x(s,a), (9)

where β ∈ R is the step size and a′ is the action given by
the policy πv in s′. Applying the update rules in (6) and (9)
above in each time step, gives the Gaussian QAC algorithm
described in algorithm 2 below.

initialize parameters w0 and v0;
repeat

start new episode;
initialize state s0;

sample a0 ∼ N (µ(s0),σ2);
t = 0;
repeat

take action at ;
observe rt+1 and st+1;

sample at+1 ∼ N (µ(st+1),σ2);

vt+1 = vt + α
(at−µ(st ))φ(st )

σ2 q̂(st ,at ,wt);

δ = rt+1 + γ q̂(st+1,at+1,wt)− q̂(st ,at ,wt);
wt+1 = wt + βδx(st ,at);
t← t + 1;

until failed episode or maximum number of time
steps reached ;

until convergence;
Algorithm 2: Gaussian QAC.

3 Experiments and results

In this section, we describe the performed experiments in
detail, present the achieved results and discuss the perfor-
mance of the implemented algorithms.
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3.1 Balancing

In each new episode, the state was initialized by set-
ting

s0 =
[
0 θ10 θ20 0 0 0

]T
,

where θ10 ,θ20 ∼ U [−λ ,λ ]. During training, λ = 0.1. A
maximum limit to the number of time steps in a single
episode was set to 300. If this limit was reached, the
episode was defined as successful.

3.1.1 Linear Q-learning

The following results were obtained with exploration prob-
ability ε = 0.01, step size α = 0.0001, action space A =
{0,±5,±10,±20,±40} and the parameters w initialized to
the zero vector. The state-action features used to approx-
imate the action-value function were

x(s,a) =
[

f1 ... f18

]T
, (10)

where the features f1 to f18 are given in table 1 below. In
table 1, normalAngle(φ) gives the difference between φ and
its closest multiple of 2π.

Table 1: Features for linear Q-learning.

f1 = θ 2
0 f2 = θ0

f3 = normalAngle(θ1)2 f4 = normalAngle(θ1)

f5 = normalAngle(θ2)2 f6 = normalAngle(θ2)

f7 = θ̇0
2 f8 = θ̇0

f9 = θ̇1
2 f10 = θ̇1

f11 = θ̇2
2 f12 = θ̇2

f13 = aθ0 f14 = aθ̇0

f15 = aθ1 f16 = aθ̇1

f17 = aθ2 f18 = aθ̇2

With parameters as above, the algorithm converged in 70%
of training attempts. A typical learning curve is given in
figure 3 below.

Figure 3: Typical learning curve for linear Q-learning.

To test the performance and robustness of the learned
controllers, training was run until convergence ten times.
Then, for each learned controller, 100 episodes was run for
each λ ∈ {0.1,0.2,0.3,0.4}. The result of this test is given
in table 2 below. We see in the table that the controllers
are quite robust and copes well with more challenging ini-
tialization positions for the pendulums. We do however
also clearly see the limitations in their performance in the
case of λ = 0.4.

Table 2: Performance test for linear Q-learning.
λ % of successful episodes

0.1 94
0.2 92
0.3 78
0.4 49

A notable observation is that the learned controllers always
seem to take actions a =±40, that is, the actions of largest
magnitude in the action space. Thus, we effectively ob-
tain what is known as ”bang-bang” controllers. This works
fine in simulation, but might not be completely desirable
in the case of actual implementation on a physical system.
In that case, you would normally want a smoother con-
troller to put less stress on the mechanical components.
The results do however look quite promising overall. Be-
cause of the relatively quick convergence, as seen in figure
3, implementation on a physical system actually seems fea-
sible.

A video showing the pendulum system’s natural behaviour
when the action a = 0, excerpts from the training process
and an example of a learned controller can be found at:
https://goo.gl/yLZRT0.

3.1.2 Gaussian QAC

Despite our best efforts, we were never able find a com-
bination of features and hyperparameters such that the
algorithm converged in a reasonable number of episodes.
We never observed a single successful episode in the train-
ing process either. We ran training attempts with vari-
ous combinations of α,β ∈ [10−8,10−1], σ2 ∈ [0.001,10] and
initializations of w and v. Originally, the features used
were

x(s,a) =
[

f1 ... f18

]T
,

µ(s) =
[

f1 ... f12

]T
,

but a large set of additional features was also explored.
For example, we tried adding different combinations of in-
dicator variables with respect to the signs of θ0, θ1 and
θ2. A typical learning curve is given in figure 4 below.
In this partcular case, something clearly happened be-
tween episode 30000 and 40000, and it is possible that
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convergence could have been reached using an even smaller
step size. However, with the limited time available to the
project, Gaussian QAC was simply not a usable algorithm
for this problem.

Figure 4: Typical learning curve for Gaussian QAC.

Thus, linear Q-learning clearly outperformed Gaussian
QAC. We believe the main reason for this is that the latter
is more sensitive to the choice of features, since two sets
of parameters has to been learned. Also, the learned con-
trollers’ behaviour for linear Q-learning seems to suggest
that the taken actions should be fairly large in magnitude,
even for small deviations from an upright position. To
achieve this using our Gaussian policy, bias terms has to
be introduced. It is however not obvious how these should
be designed.

3.2 Swing-up

In each new episode, the state was initialized by set-
ting

s0 =
[
0 π

2
π

2 0 0 0
]T

.

A maximum limit to the number of time steps in a single
episode was set to 1000. Since linear Q-learning clearly was
the better performing algorithm for balancing, we did not
consider Gaussian QAC for this problem.

Despite our best efforts however, we were never able to nei-
ther reach convergence in a reasonable number of episodes,
nor observe a single episode where the control task was even
close to being completed. Training attempts were run with
various combinations of parameters ε, α, A and w0, and a
large set of different features. To find better features, they
were also evaluated by their performance on the balancing
problem. We did however find this problem of designing
features to be quite unintuitive. After more careful consid-
eration, the originally used features in (10) above did not
exactly seem optimal, but we still found it very difficult to
beat their performance using features that intuiviely made
more sense. A typical learning curve is given in figure 5 be-
low, where ”average reward” is total episode reward divided
by episode length.

Figure 5: Typical learning curve for swing-up.

The reason why we were not able to obtain any successful
results for this problem is likely because swing-up control
inherently is a more difficult problem than balancing. In
fact, it has been shown that this problem can not be solved
using a linear controller [4]. Thus, some nonlinearities has
to be introduced to the controller. Since we only use linear
function approximators, this has to be done manually by
carefully designing cleaver features.

4 Future work

If time was given to continue the work of this project, we
would delve into the deep learning based techniques men-
tioned in the section on related work above. The results
of this project seem to suggest that algorithms using only
linear function approximators can be successfully applied
only to relatively simple control problems. At least if you
do not want to need expert-level knowledge of the spe-
cific studied system. Utilizing deep learning methods thus
makes a lot of sense, as it would remove the need of hand-
crafting features for any nonlinear relationship we wish to
represent. As a first step, it would be interesting to study
whether or not the DDPG algorithm described in [6] can
be used to solve the problem of swing-up control.

5 Conclusion

We studied whether relatively simple reinforcement learn-
ing algorithms can be used to control an unknown and
complex dynamical system. We found it to be true only
for relatively simple control problems, as we successfully
learned a controller for balancing using linear Q-learning,
but failed to do so for swing-up. Since we only used linear
function approximators, the more challenging control prob-
lems seem to require cleverly designed features. However,
choosing features is difficult and not always intuitive. Lin-
ear Q-learning clearly outperformed Gaussian QAC, likely
because the latter is more sensitive to the choice of features.
Future work would study the application of deep learning
techniques to reinforcement learning and control.
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