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unlikely that an observation in the kth class has X ≈ x. Then Bayes’
theorem states that

Bayes’
theorem

Pr(Y = k|X = x) =
πkfk(x)!K
l=1 πlfl(x)

. (4.10)

In accordance with our earlier notation, we will use the abbreviation pk(X)
= Pr(Y = k|X). This suggests that instead of directly computing pk(X)
as in Section 4.3.1, we can simply plug in estimates of πk and fk(X) into
(4.10). In general, estimating πk is easy if we have a random sample of
Y s from the population: we simply compute the fraction of the training
observations that belong to the kth class. However, estimating fk(X) tends
to be more challenging, unless we assume some simple forms for these
densities. We refer to pk(x) as the posterior probability that an observation

posterior
X = x belongs to the kth class. That is, it is the probability that the
observation belongs to the kth class, given the predictor value for that
observation.
We know from Chapter 2 that the Bayes classifier, which classifies an

observation to the class for which pk(X) is largest, has the lowest possible
error rate out of all classifiers. (This is of course only true if the terms
in (4.10) are all correctly specified.) Therefore, if we can find a way to
estimate fk(X), then we can develop a classifier that approximates the
Bayes classifier. Such an approach is the topic of the following sections.

4.4.2 Linear Discriminant Analysis for p = 1

For now, assume that p = 1—that is, we have only one predictor. We
would like to obtain an estimate for fk(x) that we can plug into (4.10) in
order to estimate pk(x). We will then classify an observation to the class
for which pk(x) is greatest. In order to estimate fk(x), we will first make
some assumptions about its form.
Suppose we assume that fk(x) is normal or Gaussian. In the one-

normal

Gaussiandimensional setting, the normal density takes the form

fk(x) =
1√
2πσk

exp

"
− 1

2σ2
k

(x− µk)
2

#
, (4.11)

where µk and σ2
k are the mean and variance parameters for the kth class.

For now, let us further assume that σ2
1 = . . . = σ2

K : that is, there is a shared
variance term across all K classes, which for simplicity we can denote by
σ2. Plugging (4.11) into (4.10), we find that

pk(x) =
πk

1√
2πσ

exp
$
− 1

2σ2 (x− µk)2
%

!K
l=1 πl

1√
2πσ

exp
$
− 1

2σ2 (x− µl)2
% . (4.12)

(Note that in (4.12), πk denotes the prior probability that an observation
belongs to the kth class, not to be confused with π ≈ 3.14159, the math-
ematical constant.) The Bayes classifier involves assigning an observation
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Coefficient Std. error Z-statistic P-value
Intercept −3.5041 0.0707 −49.55 <0.0001
student[Yes] 0.4049 0.1150 3.52 0.0004

TABLE 4.2. For the Default data, estimated coefficients of the logistic regres-
sion model that predicts the probability of default using student status. Student
status is encoded as a dummy variable, with a value of 1 for a student and a value
of 0 for a non-student, and represented by the variable student[Yes] in the table.

and the associated p-value is statistically significant. This indicates that
students tend to have higher default probabilities than non-students:

!Pr(default=Yes|student=Yes) =
e−3.5041+0.4049×1

1 + e−3.5041+0.4049×1
= 0.0431,

!Pr(default=Yes|student=No) =
e−3.5041+0.4049×0

1 + e−3.5041+0.4049×0
= 0.0292.

4.3.4 Multiple Logistic Regression

We now consider the problem of predicting a binary response using multiple
predictors. By analogy with the extension from simple to multiple linear
regression in Chapter 3, we can generalize (4.4) as follows:

log

"
p(X)

1− p(X)

#
= β0 + β1X1 + · · ·+ βpXp, (4.6)

where X = (X1, . . . , Xp) are p predictors. Equation 4.6 can be rewritten as

p(X) =
eβ0+β1X1+···+βpXp

1 + eβ0+β1X1+···+βpXp
. (4.7)

Just as in Section 4.3.2, we use the maximum likelihood method to estimate
β0,β1, . . . ,βp.
Table 4.3 shows the coefficient estimates for a logistic regression model

that uses balance, income (in thousands of dollars), and student status to
predict probability of default. There is a surprising result here. The p-
values associated with balance and the dummy variable for student status
are very small, indicating that each of these variables is associated with
the probability of default. However, the coefficient for the dummy variable
is negative, indicating that students are less likely to default than non-
students. In contrast, the coefficient for the dummy variable is positive in
Table 4.2. How is it possible for student status to be associated with an
increase in probability of default in Table 4.2 and a decrease in probability
of default in Table 4.3? The left-hand panel of Figure 4.3 provides a graph-
ical illustration of this apparent paradox. The orange and blue solid lines
show the average default rates for students and non-students, respectively,

A single 3-component seismometer sampled continuously at 100 Hz 
for 1 month during a high-density earthquake sequence near Guy, 
Arkansas. This data comprises nearly 3 million candidate time 
windows, of which only ~8000 contain events.  

It was determined that this highly skewed data set was most 
effectively characterized using the non-parametric KNN approach. 
Despite the relatively high computational cost, the unparalleled 
precision and recall achieved by KNN makes it the practical 
choice for most applications. In particular, having developed the 
model, real time monitoring is achievable at low cost using KNN.  
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where the expectation averages the probability over all possible values of
X . For our simulated data, the Bayes error rate is 0.1304. It is greater than
zero, because the classes overlap in the true population so maxj Pr(Y =
j|X = x0) < 1 for some values of x0. The Bayes error rate is analogous to
the irreducible error, discussed earlier.

K-Nearest Neighbors

In theory we would always like to predict qualitative responses using the
Bayes classifier. But for real data, we do not know the conditional distri-
bution of Y given X , and so computing the Bayes classifier is impossi-
ble. Therefore, the Bayes classifier serves as an unattainable gold standard
against which to compare other methods. Many approaches attempt to
estimate the conditional distribution of Y given X , and then classify a
given observation to the class with highest estimated probability. One such
method is the K-nearest neighbors (KNN) classifier. Given a positive in-

K-nearest
neighborsteger K and a test observation x0, the KNN classifier first identifies the

K points in the training data that are closest to x0, represented by N0.
It then estimates the conditional probability for class j as the fraction of
points in N0 whose response values equal j:

Pr(Y = j|X = x0) =
1

K

!

i∈N0

I(yi = j). (2.12)

Finally, KNN applies Bayes rule and classifies the test observation x0 to
the class with the largest probability.
Figure 2.14 provides an illustrative example of the KNN approach. In

the left-hand panel, we have plotted a small training data set consisting of
six blue and six orange observations. Our goal is to make a prediction for
the point labeled by the black cross. Suppose that we choose K = 3. Then
KNN will first identify the three observations that are closest to the cross.
This neighborhood is shown as a circle. It consists of two blue points and
one orange point, resulting in estimated probabilities of 2/3 for the blue
class and 1/3 for the orange class. Hence KNN will predict that the black
cross belongs to the blue class. In the right-hand panel of Figure 2.14 we
have applied the KNN approach with K = 3 at all of the possible values for
X1 and X2, and have drawn in the corresponding KNN decision boundary.
Despite the fact that it is a very simple approach, KNN can often pro-

duce classifiers that are surprisingly close to the optimal Bayes classifier.
Figure 2.15 displays the KNN decision boundary, using K = 10, when ap-
plied to the larger simulated data set from Figure 2.13. Notice that even
though the true distribution is not known by the KNN classifier, the KNN
decision boundary is very close to that of the Bayes classifier. The test error
rate using KNN is 0.1363, which is close to the Bayes error rate of 0.1304.


